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Abstrat
We develop a Wigner funtion representation of the quantum transport theory of the ondution
band eletrons in Rashba eet resonant tunneling strutures with a phonon bath. In narrow band
gap heterostrutures, spin splitting ours mainly as a result of inversion asymmetry in the spatial
dependene of the potential or as a result of external eletri eld. This "zero magneti eld spin
splitting" is due to the Rashba term in the eetive mass Hamiltonian. The quantum transport
equations are derived using multi-band non-equilibrium Green's funtion formulation in generalized
Kadano-Baym ansatz.
1
Zero magneti eld spin splitting [1℄ of the ondution band states in bulk and ompound
semiondutors has attrated great interest reently. The possibility of a spin polarized
urrent soure based on onventional nonmagneti semiondutors has led many researhers
to investigate the possibility of obtaining eient spin-polarized urrent soure, a neessity
in spintronis. Bulk inversion asymmetry (as in zinblende semiondutors) dominates in
large band gap semiondutors whereas the strutural inversion asymmetry ( the Rashba
eet ) beomes important in narrow band gap semiondutors.
The Rashba eet predits a spin splitting of the ondution band linear in k‖. For
example, the spin splitting in the lowest ondution subband exeeds 0.02 eV for in-plane
wave vetor k‖ = 0.05 Å
−1
[2℄. A similar splitting ours in the light hole band proportional
to k‖ and in the heavy hole band proportional to k
3
‖ [3℄. The ase of ondution band
eletrons is more attrative for the spin transport devies sine these have a muh longer
spin relaxation time.
Wigner funtion modeling of harge transport in multi-barrier resonant tunneling stru-
tures has been quite popular in the literature due to its suess in dealing with the dissipation
and the open boundary onditions [4℄. Similarly, it is expeted that one should be able to
model the spin transport in the tunneling strutures using the Wigner funtion.
We derive two ondution spin subband Wigner funtion equations for zero magneti eld
resonant tunneling strutures. These equations are derived for the rst time in the literature.
When the spin-orbit interation is inluded in the single ondution band eetive mass
Hamiltonian, the Wigner funtion beomes a 2 × 2 matrix in spin subspae. The diagonal
elements f↑↑ and f↓↓ are the spin up, spin down eletron distribution funtions respetively.
The o-diagonal elements f↑↓ and f↓↑ desribe the spin oherene. Note that f↓↑ = f
∗
↑↓.
The Rashba eet resonant tunneling strutures have been disussed from both theoretial
2
and experimental points of view in the literature. It was shown that an asymmetri double
barrier resonant tunneling diode (DB RTD) might provide spin polarization above 50 % [5℄.
Koga et al proposed a triple barrier resonant tunneling diode (TB RTD) that an reveal a
high degree of polarization 99.9 % [6℄. Reently Ting and Cartoixa proposed the resonant
inter-band tunneling spin lter [7℄.
If the z- axis is hosen as the growth diretion, the eetive mass Hamiltonian with the
spin-orbit term an be written as
H = pˆz
1
2m∗(z)
pˆz +
p2‖
2m∗(z)
+
α
~
(σ × p)z
where σ denotes the Pauli spin matries, p is the momentum operator, p‖ = (px, py, 0) is
the in-plane momentum vetor. We assume that the in-plane momentum, p‖, is onserved
aross the devie. α is the spin-orbit oupling onstant (Rashba onstant) and it is material
dependent (inversely proportional to the energy gap and the eetive mass) and proportional
to the interfae eletri eld along the growth diretion. Therefore it is possible to tune this
parameter by applying an external bias. The experimental value of the Rashba onstant is
in the order of 10−12eV.m.
The Hamiltonian for Rashba eet resonant tunneling struture an be written as,
H =


H↑↑ H↑↓
H↓↑ H↓↓

 =


pˆz
1
2m∗(z)
pˆz +
p2
‖
2m∗(z)
+ Ec(z) i
α
~
p−
−iα
~
p+ pˆz
1
2m∗(z)
pˆz +
p2
‖
2m∗(z)
+ Ec(z)

 (1)
where pˆz = −i~
∂
∂z
, p± = px± ipy , and Ec(z) = Ec + V (z). Ec is the ondution band edge
and V (z) is the self-onsistent potential.
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Throughout the paper, σ denotes the spin index and there is a summation over repeated
indies. The four-dimensional, (3+1), rystal momentum and its onjugate variable lattie
oordinate are represented as p = (p, E), r = (R, T ). Under the assumption that the
self-energies are slowly varying with respet to the enter of mass oordinates, generalized
Kadano-Baym equation for in phase-spae-energy-time domain an be written as [8℄,
i~
∂
∂T
G<
σσ
′ (p, r) =
1
(h4)2
∫
dp2dr2K
c
Hσβ
(p, r − r2; r, p− p2)G
<
βσ
′ (p2, r2)
+Σ>σβ(p, r)G
<
βσ
′ (p, r)− Σ<σβ(p, r)G
>
βσ
′ (p, r) (2)
where
KcA(p, r − r2; r, p− p2) = K
+
A (p, r − r2; r, p− p2)−K
−
A (p, r − r2; r, p− p2)
and
K±A (p, r − r2; r, p− p2) =
∫
dp1dr1 exp(
i
~
p1.(r − r2)) exp(
i
~
r1.(p− p2))A(p±
p1
2
, r ∓
r1
2
).
The self-energy funtion for the eletron-phonon sattering in phase-spae-energy-time
representation an be written as
Σ>,<
σσ
′ (p, r) =
i
h4
∫
dqG
>,<
σσ
′ (p+ q)D
>,<(q). (3)
Assuming the phonon bath is in equilibrium, the Fourier transforms of the phonon Green's
funtions an be written as,
4
D<(q, E
′
) = −ihM2
q
[(Nq + 1)δ(E
′
− Ωq) +Nqδ(E
′
+ Ωq)], (4)
D>(q, E
′
) = −ihM2
q
[(Nq + 1)δ(E
′
+ Ωq) +Nqδ(E
′
− Ωq)] (5)
where Mq is the eletron-phonon sattering matrix element. Therefore, inlusion of the
phonon sattering gives the following sattering funtions
Σ<
σσ
′ =
∑
η=+1,−1
1
h3
∫
dqG<
σσ
′ (p+ q, E + ηΩq, r)M
2
q
(Nq +
1
2
+
1
2
η), (6)
Σ>
σσ
′ =
∑
η=+1,−1
1
h3
∫
dqG>
σσ
′ (p+ q, E + ηΩq, r)M
2
q
(Nq +
1
2
−
1
2
η). (7)
The free generalized Kadano-Baym (FGKB) [9℄, [10℄ ansatz for a two spin band system
an be stated as,
− iG<
σσ
′ (p, E, r, T ) = hfσσ′ (p, r, T )δ(E −
Eσ(p) + Eσ′ (p)
2
) (8)
iG>
σσ
′ (p, E, r, T ) = −h(δσσ′ − fσσ′ (p, r, T ))δ(E −
Eσ(p) + Eσ′ (p)
2
) (9)
The spin subband Wigner funtion is found by taking the energy integral of the G<
σσ
′ :
fσσ′ (p,R, T ) =
∫
dE(−i)G<
σσ
′ (p, E;R, T ). (10)
Substituting the equations (6), (7) to equation (2) together with the FGKB ansatz (8),
(9) and using the expression (10) gives the desired set of equations. As a result, the spin up
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Wigner funtion for a Rashba eet RTD in weakly ontat with a phonon heat bath an
be written as
~
∂f↑↑(p‖, pz, z, t)
∂T
=
1
2h
∫
dz1dpz2sin[
1
~
z1(pz − pz2)](
1
m∗(z − z1
2
)
−
1
m∗(z + z1
2
)
)p2zf↑↑(p‖, pz2, z, T )
−
1
8pi
∫
dz1dpz2cos[
1
~
z1(pz − pz2)](
1
m∗(z − z1
2
)
+
1
m∗(z + z1
2
)
)pz
∂
∂z
f↑↑(p‖, pz2, z, T )
−
1
8pi
∫
dz1dpz2cos[
1
~
z1(pz − pz2)]
∂
∂z
(
1
m∗(z − z1
2
)
+
1
m∗(z + z1
2
)
)pzf↑↑(p‖, pz2, z, T )
−
1
8h
∫
dz1dpz2sin[
1
~
z1(pz − pz2)]
∂
∂z
(
1
m∗(z − z1
2
)
−
1
m∗(z + z1
2
)
)
∂
∂z
f↑↑(p‖, pz2, z, T )
+
1
2h
∫
dz1dpz2sin[
1
~
z1(pz − pz2)](
1
m∗(z − z1
2
)
−
1
m∗(z + z1
2
)
)p2‖f↑↑(p‖, pz2, z, T )
+
1
h
∫
dz1dpz2sin(
1
~
z1(pz − pz2))[Ec(z −
z1
2
)− Ec(z +
z1
2
)]f↑↑(p‖, pz2, z, T )
+
α
~
px(f↑↓ + f↓↑) + i
α
~
py(f↑↓ − f↓↑)
+
∑
σ=↑,↓
∑
η=+1,−1
1
h3
∫
dq(δ↑σ − f↑σ(p+ q, r, T ))fσ↑(p, r, T )
×δ(
E↑(p+ q) + Eσ(p+ q)
2
−
Eσ(p) + E↑(p)
2
+ ηΩq)M
2
q
(Nq +
1
2
−
1
2
η)
−
∑
σ=↑,↓
∑
η=+1,−1
1
h3
∫
dqf↑σ(p+ q, r, T )(δσ↑ − fσ↑(p, r, T ))
×δ(
E↑(p+ q) + Eσ(p+ q)
2
−
Eσ(p) + E↑(p)
2
+ ηΩq)M
2
q
(Nq +
1
2
+
1
2
η). (11)
The rst ve terms at right hand side of the above equation orrespond to the drift terms.
These terms are quite ompliated omparing to the drift term in the usual single band
Wigner funtion equation sine the eetive mass is taken to be position dependent. As a
result, the eetive mass beomes nonloal. The sixth term gives the potential term and
it is alulated self-onsistently by oupling to Poisson equation. The seventh term is the
subband mixing term. The last two terms orrespond to the eletron-phonon sattering.
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The relaxation time approximation an be made for these. Similarly, the inter spin band
polarization of the spin oherene beomes
~
∂f↑↓(p‖, pz, z, t)
∂T
=
1
2h
∫
dz1dpz2sin[
1
~
z1(pz − pz2)](
1
m∗(z − z1
2
)
−
1
m∗(z + z1
2
)
)p2zf↑↓(p‖, pz2, z, T )
−
1
8pi
∫
dz1dpz2cos[
1
~
z1(pz − pz2)](
1
m∗(z − z1
2
)
+
1
m∗(z + z1
2
)
)pz
∂
∂z
f↑↓(p‖, pz2, z, T )
−
1
8pi
∫
dz1dpz2cos[
1
~
z1(pz − pz2)]
∂
∂z
(
1
m∗(z − z1
2
)
+
1
m∗(z + z1
2
)
)pzf↑↓(p‖, pz2, z, T )
−
1
8h
∫
dz1dpz2sin[
1
~
z1(pz − pz2)]
∂
∂z
(
1
m∗(z − z1
2
)
−
1
m∗(z + z1
2
)
)
∂
∂z
f↑↓(p‖, pz2, z, T )
+
1
2h
∫
dz1dpz2sin[
1
~
z1(pz − pz2)](
1
m∗(z − z1
2
)
−
1
m∗(z + z1
2
)
)p2‖f↑↓(p‖, pz2, z, T )
+
1
h
∫
dz1dpz2sin(
1
~
z1(pz − pz2))[Ec(z −
z1
2
)− Ec(z +
z1
2
)]f↑↓(p‖, pz2, z, T ) (12)
+
α
~
px(f↓↓ − f↑↑) + i
α
~
py(f↑↑ − f↓↓)
+
∑
σ=↑,↓
∑
η=+1,−1
1
h3
∫
dq(δ↑σ − f↑σ(p+ q, r, T ))fσ↓(p, r, T )
×δ(
E↑(p+ q) + Eσ(p+ q)
2
−
Eσ(p) + E↓(p)
2
+ ηΩq)M
2
q
(Nq +
1
2
−
1
2
η)
−
∑
σ=↑,↓
∑
η=+1,−1
1
h3
∫
dqf↑σ(p+ q, r, T )(δσ↓ − fσ↓(p, r, T ))
×δ(
E↑(p+ q) + Eσ(p+ q)
2
−
Eσ(p) + E↓(p)
2
+ ηΩq)M
2
q
(Nq +
1
2
+
1
2
η). (13)
Note that f↓↑ = f
∗
↑↓. Finally the spin down omponent of Wigner funtion is given as,
~
∂f↓↓(p‖, pz, z, t)
∂T
=
1
2h
∫
dz1dpz2sin[
1
~
z1(pz − pz2)](
1
m∗(z − z1
2
)
−
1
m∗(z + z1
2
)
)p2zf↓↓(p‖, pz2, z, T )
−
1
8pi
∫
dz1dpz2cos[
1
~
z1(pz − pz2)](
1
m∗(z − z1
2
)
+
1
m∗(z + z1
2
)
)pz
∂
∂z
f↓↓(p‖, pz2, z, T )
−
1
8pi
∫
dz1dpz2cos[
1
~
z1(pz − pz2)]
∂
∂z
(
1
m∗(z − z1
2
)
+
1
m∗(z + z1
2
)
)pzf↓↓(p‖, pz2, z, T )
7
−
1
8h
∫
dz1dpz2sin[
1
~
z1(pz − pz2)]
∂
∂z
(
1
m∗(z − z1
2
)
−
1
m∗(z + z1
2
)
)
∂
∂z
f↓↓(p‖, pz2, z, T )
+
1
2h
∫
dz1dpz2sin[
1
~
z1(pz − pz2)](
1
m∗(z − z1
2
)
−
1
m∗(z + z1
2
)
)p2‖f↓↓(p‖, pz2, z, T )
+
1
h
∫
dz1dpz2sin(
1
~
z1(pz − pz2))[Ec(z −
z1
2
)− Ec(z +
z1
2
)]f↓↓(p‖, pz2, z, T )
−
α
~
px(f↑↓ + f↓↑)− i
α
~
py(f↑↓ − f↓↑)
+
∑
σ=↑,↓
∑
η=+1,−1
1
h3
∫
dq(δ↓σ − f↓σ(p+ q, r, T ))fσ↓(p, r, T )
×δ(
E↓(p+ q) + Eσ(p+ q)
2
−
Eσ(p) + E↓(p)
2
+ ηΩq)M
2
q
(Nq +
1
2
−
1
2
η)
−
∑
σ=↑,↓
∑
η=+1,−1
1
h3
∫
dqf↓σ(p+ q, r, T )(δσ↓ − fσ↓(p, r, T ))
×δ(
E↓(p+ q) + Eσ(p+ q)
2
−
Eσ(p) + E↓(p)
2
+ ηΩq)M
2
q
(Nq +
1
2
+
1
2
η). (14)
The equations above an be further simplied by onsidering a onstant eetive mass
and ignoring the sattering
~
∂f↑↑(p‖, pz, z, t)
∂T
= −
pz
m∗
∂
∂z
f↑↑ + 2
α
~
pxRe[f↑↓]− 2
α
~
pyIm[f↑↓]
+
1
h
∫
dz1dpz2sin(
1
~
z1(pz − pz2))[Ec(z −
z1
2
)− Ec(z +
z1
2
)]f↑↑(p‖, pz2, z, T )
~
∂Re[f↑↓(p‖, pz, z, t)]
∂T
= −
pz
m∗
∂
∂z
f↑↓ +
α
~
px(f↓↓ − f↑↑)
+
1
h
∫
dz1dpz2sin(
1
~
z1(pz − pz2))[Ec(z −
z1
2
)− Ec(z +
z1
2
)]f↑↓(p‖, pz2, z, T )
~
∂Im[f↑↓(p‖, pz, z, t)]
∂T
= −
pz
m∗
∂
∂z
f↓↑ +
α
~
py(f↑↑ − f↓↓)
+
1
h
∫
dz1dpz2sin(
1
~
z1(pz − pz2))[Ec(z −
z1
2
)− Ec(z +
z1
2
)]f↓↑(p‖, pz2, z, T )
~
∂f↓↓(p‖, pz, z, t)
∂T
= −
pz
m∗
∂
∂z
f↓↓ − 2
α
~
pxRe[f↑↓] + 2
α
~
pyIm[f↑↓]
+
1
h
∫
dz1dpz2sin(
1
~
z1(pz − pz2))[Ec(z −
z1
2
)− Ec(z +
z1
2
)]f↓↓(p‖, pz2, z, T )
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where Re[f↑↓] denotes the real part of f↑↓ and Im[f↑↓] denotes the imaginary part of f↑↓.
The partile density in eah band is written in terms of the diagonal omponents of the
Wigner funtion matrix as
nσ =
1
h3
∫
dpfσσ(p, r), (15)
so that the spin up and spin down partile density are written as
n↑ =
1
h3
∫
dp‖dpzf↑↑(p‖, pz, z), (16)
n↓ =
1
h3
∫
dp‖dpzf↓↓(p‖, pz, z). (17)
The urrent density an be alulated using the following equation
J(r) =
∑
σ,σ
′
q
h3
∫
dp
∂Hσσ′
∂p
fσ′σ(p, r). (18)
Therefore the spin up and spin down urrent omponents an be written respetively as
J↑(z) =
q
h3
∫
dp‖dpz
pz
m∗
f↑↑(p‖, pz, z), (19)
J↓(z) =
q
h3
∫
dp‖dpz
pz
m∗
f↓↓(p‖, pz, z). (20)
We derived the two-spin band Wigner funtion equations for a Rashba eet resonant
tunneling diode. The eetive mass beame nonloal. This provides the possibility of an
aurate study of the relationship between the position dependent eetive mass and the
9
spin splitting in the resonant tunneling strutures sine the interfae eets on the eetive
mass are expliitly inluded in this model. Then we simplied the equations using a onstant
eetive mass. This gives a set of equations that are simpler to solve numerially than the
rst set. The urrent and partile densities were derived. These equations are going to serve
as the starting point for the Wigner funtion simulations of zero magneti eld resonant
spin tunneling devies.
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Resear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